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1. Introduction ematical programming and commercial simulators was proposed by

In the United States, it is estimated that there are more than 40,000
distillation columns in operation, accounting for 90 % of the separation
and purification processes. It is estimated that the capital invested in
these systems is around US$ 8 billion (Humphrey, 1995). Because the
costs associated with this equipment are high, a considerable number
of papers have addressed the optimal design of distillation columns.
The main focus of these procedures is to optimize the column diam-
eter, the number of trays, and the reflux ratio to minimize the total
annualized cost.

Several different mathematical programming approaches were
used to address this design problem: nonlinear programming (NLP)
(Dowling and Biegler, 2015; Yeoh and Hui, 2021), mixed-integer nonlin-
ear programming (MINLP) (Viswanathan and Grossmann, 1993; Kong
and Maravelias, 2019), and generalized disjunctive programming (GDP)
(Yeomans and Grossmann, 2000). Additionally, a combination of math-
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Caballero et al. (2005) and Caballero (2015).

Aiming at avoiding convergence drawbacks and local optimality
problems associated with mathematical programming, some authors
proposed the utilization of stochastic optimization methods for the
solution of the aforementioned optimal design problem. Different
techniques were tested, such as, particle swarm optimization (PSO)
(Javaloyes-Antén et al., 2013), genetic algorithms (GA) (Ibrahim et al,,
2017) and differential evolution (DE) associated with parallel computing
(Lyu et al., 2021).

In all the aforementioned approaches, the dimensions of the col-
umn internals, namely, tray spacing, weir length, weir height, etc., have
been not included. The traditional approach for the design of distilla-
tion column trays is based on trial and verification schemes, as depicted
in several textbooks: Fair (1963), Wankat (1988), Kister (1992), Chuang
and Nandakumar (2000), and Towler and Sinnott (2013). These schemes
are considered reliable, but they depend on the designer’s experience to
attain a feasible choice of the tray geometric dimensions, with no guar-
antee that the solution found will feature the lowest cost. We know of
only two works that employ optimization techniques for identifying
the optimal set of tray dimensions: Ogboja and Kuye (1990) and Lahiri
(2014, 2020). Ogboja and Kuye (1990) developed a sieve tray optimization
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Fig. 1 - Tray performance diagram.

formulation, solved using the Complex method. The objective function
is represented for the tray efficiency and the constraints are of geomet-
rical and phenomenological origin. The decision variables are column
diameter, spacing trays, tray thickness, weir length and height, hole
diameter, and clearance height under the downcomer. As a way of val-
idating the method, they used an exhaustive method that analyzes
all sets of variables and determines their efficiency. Lahiri (2014, 2020)
employed the PSO method together with the Aspen Plus simulator for
the optimization of the distillation column including the specifications
of the column tray. Lahiri (2014, 2020) considered complex tray configu-
rations, such as multiple passes, sieve and valved trays, and segmental
downcomer. The objective function to be minimized is the total annual-
ized cost, considering the column capital costs and the costs associated
with utility consumption.

In this article, we address the design of distillation column trays
including the column diameter and all the geometric variables. We for-
mulate the problem as a mixed-integer nonlinear model and we solve
it using commercial global solvers (BARON and ANTIGONE). Previous
approaches that addressed the tray design optimization employed local
optimization methods (Ogboja and Kuye, 1990) or stochastic meth-
ods, which can escape local optima, but global optimality cannot be
guaranteed (Lahiri, 2014, 2020). Additionally, the aforementioned works
consider continuous variables, whereas the optimization method pro-
posed in this work is based on discrete design variables. Indeed, the
utilization of continuous variables to later use of commercial/standard
geometric discrete values demands rounding procedures that can
imply suboptimal or even infeasible solutions.

The article is organized as follows. Section 2 presents the tray oper-
ating limits that define the design constraints. Section 3 presents the
dimensions of the sieve trays that are employed as optimization vari-
ables in the design problem. Sections 4 and 5 present the constraints
and the objective functions of the Mixed Integer Nonlinear Model
(MINLM), respectively. Section 6 presents the heuristic design proce-
dure employed in the comparison of the results. Section 7 illustrates
the performance of the proposed formulation and compares it with the
heuristic procedure. The conclusions are finally presented in Section 8.

2. Tray operating range limits

In a given distillation column, the liquid and vapor flows must
be contained within certain limits. Different authors charac-
terize the phenomena associated with the operating limits of
a tray differently, often using different nomenclatures. In this
work, we will use the terminology adopted by Kister (1992).
The operational limits that must be obeyed by the designer
are flooding, entrainment, downcomer flooding, and weep-
ing, as illustrated in Fig. 1. These operational limits origin the
mathematical relations that compose the constraints of the
optimization problem.
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Fig. 2 - Sieve tray top view.
3. Sieve tray layout

Sieve trays feature different types of configurations for down-
comer (segmental, circular, etc.), weir (straight, picket fence,
etc.), and the number of passes (one or multiple passes, the lat-
ter option mostly employed for large diameters). Fig. 2 depicts
the simplest configuration, which is the one we use in this
work. The active area (Aa) is the tray area where liquid and
vapor get in contact. The downcomer area (Adc) is equivalent
to the area of the inlet downcomer of the liquid flow from the
tray above or the area of the outlet downcomer of the liquid
flow to the tray below. The hole area (Ah) is the total area of
the perforations on the tray.

Surrounding the active area, there are strips without holes.
The almost rectangular strips, close to the downcomer slit and
close to the weir, are referred to as “calming zones”. The calm-
ing zone region close to the downcomer, with width wcz;,,
aims to reduce the vorticity of the flow from the downcomer
connected to the tray above. In turn, the calming zone region
close to the weir, characterized by the width wczyy:, aims to
reduce instabilities of the flow close to the weir, thus reducing
the turbulence associated to vapor bubbling through the liquid
and allowing complete vapor-liquid separation so that bubbles
are not carried towards the downcomer (Wankat, 1988). The
circular gap with width wus between the column shell and
the active area is called “unperforated strip”. This gap is used
for the support ring and does not have an explicitly hydraulic
role (Towler and Sinnott, 2013).

Fig. 3 depicts a side view of the tray, showing the tray spac-
ing (It), the weir height (hw), the height of the liquid crest over
the weir (how), the clearance height under the downcomer
(hap), the difference between weir and clearance height under
the downcomer (hdwap), and the downcomer backup height
(hb).

4. Tray design constraints

The optimization is focused on the design of the trays of a
distillation column. It is assumed that the flow rates of the
liquid and vapor and the corresponding physical properties
were already previously calculated for each tray. These data
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Fig. 3 - Tray side view.

are obtained from the distillation design, through a traditional
approach based on heuristics or any of the optimization proce-
dures available in the literature (see Section 1). Therefore, the
model parameters associated with each tray sNt, represented
here with a symbol “@ on top, are: the liquid mass flow rate
(Lwsnt), the vapor mass flow rate (Vwgyy), the density of the

liquid (/;IsNt), the density of the vapor (pugy), and the surface
tension of the liquid (6snt)-

Some additional parameters are calculated based on the
values of the parameters listed above, as the liquid-vapor flow
factor (Fiusm) used in the Fair correlation (Fair, 1961):

S Lw Nt U
Flusne = — S pA SNt

Vwsnt Plsnt

¥ sNt (1)

and the residual pressure drop in the column tray (PfrsNt), as
proposed by Hunt et al. (1955):

~ 12.
hrene = ~——

VSNt @)
olsnt

Other specific parameters associated with the objective
function are presented later.

4.1. Discrete representation of geometric variables

All the dimensions of the tray are represented by a set of
discrete values. This representation is associated with the
physical nature of some variables (e.g. hole layout: triangu-
lar or square); availability of commercial standards (e.g. tray
thickness); or constructional patterns (e.g. manufacturing of
mechanical pieces in inches or fractions of an inch).

The discrete representation of the design variables uses
binary variables. Let x be a design variable that is associated
with a set of possible values px;. The selection of the discrete
values px; is represented by the binary variables yx;. There-
fore, the variable x is related to the corresponding set of binary
variables by:

x=Y Pxiyx; (3)
> =1 (4)

This representation is applied to the following set of vari-
ables associated with the tray design: column diameter (Dc),

hole diameter (dh), the difference between weir and clearance
height under the downcomer (hdwap), weir height (hw), tray
spacing (It), weir length (lw), hole pitch (lp), tray thickness (tt),
and hole layout (lay):

sDcmax
Dc = Z pDCsDcyDcsDc (5)
sDc=1
sdhmax
dh= ") " pdhg ydhyg, ()
sdh=1
shdwapmax
hdwap = Z phdwapshdwap yhdwapshdwap (7)
shdwap=1
shwmax
hw = Z phwshw thshw (8)
shw=1
sltmax
lt=") " pltg ylty, ©)
slt=1
slwmax
lw = Z plwslw ylwslw (10)
slw=1
slpmax
Ip= Z plpslp ylpslp (11)
slp=1
sttmax
tt = Z Dttsy Yitgy (12)
stt=1
slaymax
lay = Z play g, ylayga, (13)
slay=1
sDcmax
Z yDCsDc =1 (14)
sDc=1
sdhmax
> ydhgg, =1 (15)
sdh=1
shdwapmax
Z Yhdwapgp, ey = 1 (16)
shdwap=1
shwmax
Z yhwgp, =1 (17)
shw=1
sltmax
> yltge =1 (18)
slt=1

slwmax

Z ylwslw =1 (19)

slw=1
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slpmax

> ypg =1 (20)

slp=1

sttmax

Z Vit =1 (21)

stt=1

slaymax

Z ylayslay =1 (22)
slay=1
4.2.  Tray dimensions

The geometric equations are based on the sieve tray descrip-
tion presented in Towler and Sinnott (2013). The downcomer
area is obtained by the difference between the circular sector
area (Asector) and the triangle area (Atriangle), as illustrated in
Fig. 4. Additionally, the vapor flow area (An) corresponds to the
difference between the cross-sectional area of the column and
the downcomer area.

Let 9 be the weir angle, i.e. the central angle associated
with the column circumference and the chord referring to weir
length. Thus:

6 —2arcsin (§) =0 (23)

where § is the ratio between the weir length and the column
diameter:

8Dc—Tw=0 (24)
The area of the sector defined by the weir angle is:

Dc%6
Asector — - = 0 (25)

Iw
e al
N ”
| I
| lcz I
M Al
I I" "I I
| |
J L
~ -~
~ 7~
~ ~
~ - _ 7~
~ 6 _
~ -
\N) o
7~ ~
~ ~
7~ ~
7~ ~
-~ ~
- ~
-~ ~
3

Fig. 5 - Calming zones and unperforated strip areas.

The area of the isosceles triangle is defined by the weir
angle and the weir length as follows:

. lw [/Dc\2 [lw\?
Atmmglef7 (7) 7(7) =0 (26)

Therefore, the total column area (Ac), the downcomer area
(Adc), and the vapor flow area (An) are given by:

2
Ac- TP g 27)
Adc — Asector + Atriangle = 0 (28)
An—Ac+Adc=0 (29)

The calming zone area (Acz) is approximated by the area of
two trapezoids, as illustrated in Fig. 5, and is given by:

(leziy + lw) .

1 I A
Acz — 5 wezi, — (IeZoue + Iw)

5 WeZoyt = 0 (30)

where lczy, and lczoy: are the lengths of the inlet and outlet
calming zones. These lengths are related to other variables
by:

lezi, — lw + 2 (wezBy,) =0 (32)
lezout — Iw + 2 (wezByyt) = 0 (32)
where:

wezBitan(p) — wezy, =0 (33)
wezByytan(p) — wezoy: = 0 (34)

The angle g is the calming zone angle:
2-n+6=0 (35)

Several references suggest a value for the width of the
calming zone between 2 and 5 in, without differing inlet and
outlet values (Wankat, 1988; Dutta, 2007; Towler and Sinnott,
2013; AMACS Process Tower Internals, 2020). Then, we con-
sider the width of the inlet and outlet calming zones (wicz;,
and witzey:) equal to 0.050 m (2 in) in the proposed formulation.
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The unperforated strip area (Aus) is determined using the
angle of active area (¢) and the width of the unperforated strip
(wus) (Towler and Sinnott, 2013):

Aus — wus o (Dc — wus) = 0 (36)
a—n+6=0 (37)

The width of the unperforated strip varies according to the
column diameter (AMACS Process Tower Internals, 2020), as
follows:

0.0381, Dc < 0.7620

0.0508, 0.7620 < Dc < 1.6764

0.0635, 1.6764 < Dc < 3.8100

wus = (38)
0.0762, 3.8100 < Dc < 5.9436

0.0889, 5.9436 < Dc < 7.4676

0.1143, Dc > 7.4676

The reorganization of Eq. (38) into a set of inequalities using
a set of auxiliary binary variables yields:
wus — 0.0381ywus; — 0.0508 ywus, — 0.0635 ywus,

—0.0762 ywus, — 0.0889 ywuss — 0.1143 ywusg =0 (39)

Dc - 0.7620 ywus, — 1.6764 ywus, — 3.8100 ywus,

—5.9436 ywus, — 7.4676 ywusg < 0 (40)

Dc — 0.7620 ywus, — 1.6764 ywus, — 3.8100 ywus,,

—5.9436 ywusg — 7.4676 ywusg — & > 0 (41)

6

Z YWUSgs =1 (42)

swus=1

where & = 107,

The active area (Aa) corresponds to the cross-sectional area
of the column minus the areas of the downcomers, unperfo-
rated strip, and calming zone.

Aa — Ac+2Adc+ Aus +Acz=0 (43)

The total area of all the active holes (Ah) is a fraction of the
active area, which depends on the hole layout:

Ah —k¢?Aa =0 (44)
where:

plp—dh=0 (45)
k — 0.785ylay, — 0.905ylay, =0 (46)

where ylay, and ylay, are associated with the square and tri-
angular layouts, respectively.

4.3. Geometric constraints

The weir length must be smaller than the column diameter:
lw < Dc (47)

The hole pitch must be higher than twice the hole diameter
(Towler and Sinnott, 2013):

Ip > 2dh (48)

Assuming that the tray holes are punched, the tray thick-
ness cannot be higher than the hole diameter (Chuang and
Nandakumar, 2000):

dh > tt (49)

The range of the ratio between the hole area and the active
area must be:

0.06Aa < Ah < 0.16Aa (50)

The lower bound on Eq. (50) is necessary to use the Fair
flooding correlation (Fair, 1961) and the upper bound avoids
conditions where significant weeping and entrainment may
coexist and the design equations may not apply (Chuang and
Nandakumar, 2000).

Finally, to use the Fair flooding correlation, the following
bound must be applied (Fair, 1961):

hw < 0.151t (51)

4.4. Operational constraints

These constraints consist of equations representing the limits
of flooding, entrainment, weeping, downcomer backup, and
residence time in the downcomer.

4.4.1. Flooding
To avoid flooding, an upper bound on the vapor flow velocity
is used:

unsne — 0.85 ufloodgy, <0 VsNt (52)

where un is the vapor flow velocity and uflood is the flooding
velocity, both based on the vapor flow area.
The vapor flow velocity can be evaluated as follows:

Vwsnt
unsntAn — —_—

=0 VsNt (53)
PUsNt

The determination of the flooding condition is given by Fair
(1961):

= 0.2
o n
ufloodgy, — K1 Csbsnt PlsNt — PUsNt (USNt ) =0 VsNt (54)

/ﬁ’sNt 0.02

where Csb is the Sounders-Brown coefficient.
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In turn, the parameter K1 varies with the fraction of the
hole area:
0.8, 0.06 < kg? < 0.08
K1=1< 0.9, 0.08 < k¢? < 0.10 (55)
1.0, 0.10 < k¢? < 0.16
The parameter K1 had to be rearranged into inequalities

using binary variables to represent the different options in
purely algebraic form:

K1-0.8yK1l; —0.9yK1, —1.0yK1, =0 (s6)

kg? — 0.08yK1, — 0.10yK1, — 0.16yK1, <0 (57)

kp? — 0.06yK1; — 0.08yK1, — 0.10yK1, > 0 (58)
3

Z YKl =1 (59)

sK1=1

Several authors have presented curve fitting of the Fair’s
correlation (Economopoulos, 1978; Lygeros and Magoulas,
1986; Ogboja and Kuye, 1990). The expression we use is the
proposed by Ogboja and Kuye (1990):

Csbgyt — 0.0129 — 0.16741t — 0.0063Flugy;
2 2 (60)

+0.2686 It Flugyy + 0.008Flugy: — 0.014481tFlugye =0 VSNt

4.4.2. Entrainment
The constraint to avoid entrainment is represented by an
upper bound on the fractional entrainment variable (Ysnt):

Yent —0.1<0 VsNt (61)

The fractional entrainment can be estimated by the corre-
lations proposed by Economopoulos (1978) or Ogboja and Kuye
(1990). We choose to use the correlation of Ogboja and Kuye
(1990):

—7.9196 + 1.0891Fflood,,

— (0.0705 + 2.1916Fflood ) InFlugy:

— ex]
vane P | 1(0.046 - 0.605Fflood,y, + 1.2669Fflood,y,?
3 ~ 2
~0.9563Ffloodyy,”) (InFlugn: )
=0 VsNt
(62)
where Fflood is the factor of flooding:
Ffloody; ufloodgy; — unsne =0 VSNt (63)

4.4.3. Weeping

The constraint to assure that the tray design will not be sub-
jected to weeping is represented by a lower bound on the flow
velocity throughout the tray holes:

uhgnt — uhmingy: > 0 VSNt (64)

where uh is the vapor flow velocity throughout the tray holes
and it can be calculated by:

Vw
uhsntAh — Aism
PUsNt

—0 VsNt (65)

and the weeping point associated with the minimum vapor
flow velocity (uhmin) can be determined by the following cor-
relation (Eduljee, 1959):

K2snt — 0.9 (25.4 - 1O3dh)
1 =0 VsNt (66)

uhmingy: —

(Pusnt) 2
where K2 is evaluated by the correlation proposed by Ogboja
and Kuye (1990):

K25yt — 2348 — 1.66In [10% (hw + howsnt)| =0 VsNt (67)

The height of the liquid crest over the weir (how) can be esti-
mated using the Francis weir formula:

2

7 3
howgyt — 7501073 (IMW) —0 VsNt (68)
Plsne Tw

4.4.4. Downcomer backup
The constraint to avoid flooding in the downcomer must
impose an upper bound on the downcomer backup height:

hben: — % (It + hw) <0 VsNt (69)

hbsnt — hw — howgynt — htsnt — hdegne =0 VSNt (70)

where ht is total tray head loss and hdc is head loss in the
downcomer.

The total tray head loss is the sum of the head of clear liquid
on the tray (hw + how) and the dry tray drop (hd):

htsne — hw — howsne — hdsnt — Rrene = 0 VSNt (71)

The dry tray head loss is given by:

hdentCo? — 51-10 3uhene2 205Nt — 0 WsNt (72)
PlIsNt

where Co is the orifice coefficient that can be estimated by
the correlations proposed by Economopoulos (1978) or Ogboja
and Kuye (1990). We choose to use the correlation of Ogboja
and Kuye (1990):

Co — 0.6323 + 0.02550 — 0.14950? — 0.777k¢? = 0 (73)
where:
wdh=tt (74)

Cicalese et al. (1947) estimated the head loss in the down-
comer by:

hdcsneAap — 166-1073 (L‘”Nt> =0 VsNt (75)
plsnt
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where Aap is the clearance area under the downcomer that
can be determined by:

Aap — haplw =0 (76)

The height of the clearance under the downcomer (hap) is
given by:

hap — hw + hdwap =0 (77)

4.4.5. Residence time

The downcomer residence time must be enough for promoting
vapor and liquid separation and preventing that the heavily
aerated liquid be transported under the downcomer (Towler
and Sinnott, 2013):

timesne —3 >0 VsNt (78)
where:
. ol
timegnt — Adc hbsNtw =0 VsNt (79)
Lwsnt

4.5. Variable bounds

Bounds on the design variables (Dc, dh, hdwap, hw, It, lw, Ip, tt,
and lay) are aggregated considering the available options asso-
ciated with the tray manufacturing process, usual alternatives
employed in practice and literature recommendations:

Deppin < D¢ < Demax (80)
AN, < dN < dNiax (81)
hdwap,,;,, < hdwap < hdwap,,,, (82)
MWy < MW < NWax (83)
ftmin < 1t < Ttmax (84)
Wyin < 1w < [Wmax (85)
Binin =1 = P (86)
ftmin < tt < ftmax (87)
1Y iy =< 1y = 1Y x (88)

Bounds are also imposed to the variables Wshell and twall
that appears in the objective function to represent the mass
of the column shell and the column thickness (Towler and
Sinnott, 2013):

Wshelly, < Wshell < Wshellynax (89)

twally, < twall < twallmax (90)

Finally, bounds on the following variables are related to
their physical nature:

0.0381m < wus < 0.143m (92)

08<K1<10 (92)

0<g=<

<3 (©3)

5. Objective function

The optimization seeks to minimize the capital cost associ-
ated with the distillation column. An equation for evaluation
of the capital cost of a distillation column, provided by Towler
and Sinnott (2013), is employed as the objective function:

Min Ctotal = (130 + 440Dc"#) Nt + 11600 + 34 Wshell®®*  (94)

where Nt is the number of trays and Wshell is the mass of the

column shell. This equation is valid for carbon steel columns

with 0.5 m < Dc < 5.0 m and 160 kg < Wshell < 250,000 kg.
The mass of the column shell is given by:

Wshell — 7 pshell DcHetwall = 0 (95)

where pshell is the density of the shell material and Hc is the
height of the column between tangent lines, given by:

Hc—Nt It =0 (96)

The column wall thickness depends on the column diam-
eter:

SDcmax

twall -~ Ptwallspe yDegp = 1 (97)
sDc=1

where PtLZJaHsDC is the thickness value corresponding to the
mechanical design associated with the column diameter
related to the binary variable yDcgp,..

Another alternative of the objective function consists in
minimizing the mass of the distillation column (Wtotal), con-
sidering the mass of the column (Wcolumn) and trays (Wt).

Min Wtotal = Weolumn + Wt Nt (98)

The mass of the column is given by (Towler and Sinnott,
2013):

Weolumn — Cw  pshell Dm (Hc + 0.8Dm) twall =0 (99)
where Cw is a factor responsible for the mass of nozzles, man-
ways, internal supports, etc, (assumed equal to 1.15), and Dm
is the mean diameter of the column. The mean diameter is
given by:
Dm — Dc — twall = 0 (100)
The mass of the tray is determined by the volume of the
tray deck (Vt) and the volume of the weir together with the
downcomer (Vwdc).

Wt — (Vt + Vwdc) pt = 0 (101)

where gt is the specific mass of tray material.
The Vwdc is given by a rectangular plate:

Vwde — (hw + tt + Hdc) ttlw = 0 (102)
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where Hdc is the height of the downcomer:

Hdc — It + hap = 0 (103)
The volume for each tray is given by the area of the column
minus the areas of the downcomer and holes.

Vt — (Ac— Adc — Ah)tt = 0 (104)

6. Heuristic design procedure

Aiming at comparing the performance of the proposed
approach for the sizing of distillation columns with traditional
schemes, a heuristic procedure based on Towler and Sinnott
(2013) is presented in this section.

The original design discussion in Towler and Sinnott (2013)
does not describe in detail all the steps of the procedure, defer-
ring implicitly to the designer certain decisions. We seek to
provide a design scheme that could be as systematic as pos-
sible, devoid as much as possible from calls to vague changes.
However, some decisions from a practitioner are still needed.

In the next paragraphs, we present an analysis based on
the literature about the selection of certain dimensions of the
sieve tray. The values presented here serve as initial guesses
in the design procedure.

a) Tray spacing: Towler and Sinnott (2013) do not provide
guidelines. Kister (1992) shows a range for tray spacing
from 8 in until 36 in, but adopting 24 in, other authors (Fair,
1963; Wankat, 1988) agree with him. Therefore, we settle in
adopting 24 in as a first choice.

b) Downcomer area: we use the direct recommendation given
by Towler and Sinnott (2013), that is, 12% of the total col-
umn area as the starting point.

c) Vapor velocity: The recommendation provided by Towler
and Sinnott (2013) and Fair (1963) is to pick a vapor velocity
equal to 85% of the flooding velocity. Other values used are
80 % by Kister (1992) and Couper et al. (2012) and 75 % by
Wankat (1988). We adopt the largest value of the literature.

d) Hole area: The hole area is initially estimated at 10 % of
the active area by different authors (Wankat, 1988; Kister,
1992; Towler and Sinnott, 2013; Couper et al., 2012). We use
this choice as the initial guess.

e) Tray thickness: Towler and Sinnott (2013) do not recom-
mend the use of any specific value, but they use 5 mm in
their example. We choose 3.4 mm, which is the smallest
thickness used in the literature (Kister, 1992; Chuang and
Nandakumar, 2000).

f) Hole diameter: Towler and Sinnott (2013) offer the follow-
inglimits: 0.0025m < dh < 0.012m. They also state that the
diameter is subject to a limit related to the tray thickness
(dh/tt > 1). Towler and Sinnott (2013) do not offer a crite-
rion and in their example, they use 5 mm, pretty much
in the middle of the range. For Kister (1992) the choice
depends on the service, for clean services is 3/16 in, for
fouling services is 1/2 in. Other authors also choose 3/16
in (Fair, 1963; Wankat, 1988; Kooijman and Taylor, 2006).
Engel (2020) indicates that small holes are preferable due
to hydraulic reasons, but penalize the fabrication costs. We
adopt the valor shared by most of the literature 3/16 in (4.8
mm) and later change it if there is a need to do it.

g) Weir height: For Towler and Sinnott (2013) the choice
depends on the operation, for columns operating above

atmospheric pressure is 0.040m < hw < 0.090m, for vac-
uum operation is 0.006 m < hw < 0.012m. It must be hw <
0.151t. Other authors also choose 2 in (0.051 m) (Fair,
1963; Wankat, 1988; Kister, 1992; Kooijman and Taylor,
2006; Couper et al., 2012; Towler and Sinnott, 2013). Larger
heights have a significant effect on pressure drop, so from
this point of view, smaller values should be preferred. We
adopt the valor shared by most of the literature.

h) Difference between weir and clearance height under the
downcomer: Towler and Sinnott (2013) consider the fol-
lowing values 0.005m < hdwap < 0.010m. Kister (1990)
explains that the largest value is to avoid an excessive
increase in the pressure drop, which would cause a down-
comer backup flooding. The smallest value is adopted
to avoid that the vapor flows up the downcomer. Other
authors specify certain valor (Fair, 1963; Kister, 1990;
Kooijman and Taylor, 2006) for this variable as 10 mm. We
decided to adopt this value.

Our procedure mimics the one suggested by Towler and
Sinnott (2013) and complemented with our considerations and
is the following:

Step 1: Data collection: Obtain flow rates and physical prop-
erties of the vapor and liquid streams of two representative
trays, one from the rectifying section and another from the
stripping section (one can extend this exercise to all trays in
each section and then somehow find compromise solutions
for each section, but we do not pursue this here, thus sticking
to the classical recommendation).

Step 2: Perform preliminary specifications: Select values of
tray spacing, downcomer area fraction of total area (FAdc), and
flooding fraction to determine the column diameter (0.85).

Step 3: Determine the column diameter corresponding to
both trays (rectifying and stripping section representatives)
based on flooding considerations:

R 0.5
4Vw

Dc =
¢~ | 7 0.85uflood ju (1 — FAdc)

(105)

Because only one diameter is sought after (unless there
are serious mismatches and the column needs more than one
diameter), the largest of both diameters is picked.

The column diameter must be higher than 0.60 m to avoid
difficulties of installation (Towler and Sinnott, 2013). If the
value obtained is smaller than 0.60 m, then return to Step
2 and reduce the tray spacing or increase the downcomer
area fraction. We offer the following rationale. If the diame-
ter obtained violates the above inequality by a small amount,
itis advisable to change the downcomer area criteria (increase
12 % by a small amount), to make the calculated diameter fit
the inequality. If the diameter obtained is far away from the
limit established by the inequality, that is, it is very small in
comparison, then it is advisable to reduce the tray spacing.

Step 4: Finalize tray geometry specifications

a) Evaluate an initial estimative of the active area:

Aa = Ac — 2Adc (106)

b) Hole area: use 10 % of the active area or other value if
needed for respecting the constraint for the use of the Fair
correlation 0.06 < Ah/Aa < 0.16 (Fair, 1963).
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Table 1 - Operational parameters of the example.

Parameters/Tray 1 2 3 4 5 6 7 8 9

Tw (kg/s) 0.82 0.80 0.78 0.76 0.72 0.66 0.51 3.12 2.78
Vw (kg/s) 1.50 1.48 1.46 1.43 1.40 1.34 1.18 1.02 0.68
“ol (kg/m?) 753.76 754.64 755.64 756.92 758.84 762.57 776.27 873.01 900.73
“pu (kg/m?3) 2.10 2.09 2.07 2.04 2.01 1.95 1.78 1.61 1.02
‘o (N/m)x 103 22.28 23.20 24.21 25.45 27.21 30.28 38.60 59.14 60.79

c) Tray thickness: We use the smallest value (3.4 mm) as dis-
cussed above.

d) Hole diameter: We use the recommendations discussed
above (4.8 mm). Because the thickness has already been
set in the previous step, we choose a hole diameter that
respects the limit established by the thickness (dh/tt > 1).

e) Weir height: We use 51 mm (2 in) as discussed above.

f) Difference between weir and clearance height under the
downcomer: We use the largest value (10 mm) as discussed
above.

g) Weir length: It is determined based on a graphical relation
present in Towler and Sinnott (2013) (lw < Dc).

Step 5: Check the weeping safety factor (Eq. (64)); if unsat-
isfactory, return to Step 4, reducing the hole area.

Step 6: Check the downcomer backup safety factor (Eq. (69)).
If unsatisfactory return to Step 4, increasing the hole area,
reducing the downcomer area, and/or increasing the tray spac-
ing.

Step 7: Check the downcomer residence time safety factor
(Eq. (78)); if unsatisfactory, return to Step 4, reducing the hole
area or increasing the downcomer area.

Step 8: Specify tray layout details:

a) Width of the calming zone: We choose 0.050 m for the input
and output calming zones (the same values adopted in our
optimization model).

b) Width of unperforated areas: We choose what we use in
our model (Eq. (38)).

c) Hole layout: We adopt the option shared by most of the
literature as triangular layout (Fair, 1963; Wankat, 1988;
Kister, 1992; Kooijman and Taylor, 2006; Towler and Sinnott,
2013).

d) Recalculate the active area considering calming zone area
and unperforated strip area:

Aa = Ac — 2Adc — Acz — Aus (107)
Step 9: Determine the hole pitch by Eq. (108) and check the

safety factor (Ip > 2dh), if unsatisfactory, then return to Step 4,

increasing the hole diameter.

0.905Aa\ %°
Ip:dh(giﬂrf)

Step 10: Check the flooding safety factor (Eq. (52)), if unsat-
isfactory, then return to Step 4, increasing the tray spacing.

Step 11: Check the entrainment safety factor (Eq. (61)), if
unsatisfactory then return to Step 4, increasing the tray spac-
ing. Otherwise, stop.

Other procedures and equations used in the literature exist
and they are all based on trial and verification steps. The
intervention of an experienced designer becomes importantin
Steps 2, 4, and 8 to adequately select the values of the design
variables to be verified. In the verification steps, a check is

(108)

made to see if the design is feasible or not (Steps 5, 6, 7, 9, 10,
and 11).

7. Results

The performance of the proposed MINLP procedure for the
optimal design of distillation columns trays is illustrated by
the solution of an example from the literature (Towler and
Sinnott, 2013) together with a comparison with the corre-
sponding results of the heuristic procedure.

The example considers a distillation column with an aque-
ous waste stream as feed, where it is desired to recover
acetone. The feed is a stream with 454.5 kmol/h of a mixture
containing 10 % of acetone (all compositions are expressed
here using a molar basis). The top stream must contain 95 %
of acetone and the bottom stream must not contain more than
1 % of acetone. The example considers ten equilibrium stages
with a total condenser. The operation pressure is 1 atm.

The column was simulated in the Aspen Plus software
using the property method UNIQ-RK, which employs the
Redlich-Kwong equation of state (Redlich and Kwong, 1979)
and the UNIQUAC activity coefficient model (Abrams and
Prausnitz, 1975). The reflux ratio is 1.24 and the feed tray cor-
responds to stage 8. The results of the simulation for the nine
ideal stages are presented in Table 1 (the equilibrium stage 10
corresponds to the kettle reboiler).

The overall efficiency was assumed to be equal to 60 %.
Excluding the reboiler, the nine ideal stages correspond to 15
real stages. This value was employed for the evaluation of the
column height in the objective function. The column material
was carbon steel (ol = 7900 kg/m?3).

Table 2 displays the standard alternatives of the discrete
geometric variables employed in the design problem. This
set of options corresponds to a search space composed of
7,931,520 candidates (total number of possible combinations
of the values of the design variables). The lower and upper
bounds are outlined by Egs. (80-88) correspond to the mini-
mum and maximum values displayed in Table 2. The lower
and upper bounds on the variable Wshell are WsAhelIm,l = 160
and Wshellygx = 250000, according to the validity range of the
correlation in Eq. (94).

The column diameters vary between 0.6096 m (24 in) and
4.826 m (190 in), the diameter lower bound being necessary to
avoid difficulties of installation (Towler and Sinnott, 2013), and
the upper bound is related to the maximum that the column
cost equation allows (Eq. (94)) (Towler and Sinnott, 2013). The
discrete values of the diameters employed in the optimization
were selected in such a way that the differences between them
increase as the diameter increases.

The diameters of the holes correspond to the commercial
standardization of drills (Oberg et al., 2004). Their limits are
chosen to respect the Fair entrainment correlation limits (Fair,
1961), that is, between 1.6 mm (1/16 in) and 6.4 mm (1/4 in).
Moreover, hole diameters must respect the geometric con-
straints (Egs. (48-49)). The limits of the variables hdwap, hw
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Table 2 - Discrete values of the design variables.

Variables Discrete values

Dc (m) 0.61 0.76 0.91 1.07 1.27 147 1.68 193 218 244 274 3.05 3.35 3.71 4.06 4.42 4.83
dh (mm) 3.60 4.00 4.40 4.80 5.20 5.60 6.00 6.40

hdwap (mm) 500 6.00 7.00 8.00 9.00 10.0

hw (cm) 3.81 444 5.08 571 6.35 6.98 7.62 825 8.89

It (m) 0.15 0.23 031 047 0.62 0.91

lw (m) 041 066 091 1.17 142 1.68 193 218 244 269 295 320 345 3.71 3.96

Ip (mm) 9.00 120 150 18.0 21.0 240

tt (mm) 3.40

lay Square Triangular

Table 3 - Shell thickness for each column diameter.

Dc (m) 0.61 076 091 107 127 147 168 193

218 244 274 305 335 371 406 442 483

twall (mm) 5 5 5 7 7 7 7 7

Table 4 - Results.

MINLP — MINLP — Heuristics
Minimization of Minimization of
the column cost the column mass
Ctotal ($)  28,915.69 28,915.69 31,822.12
Wtotal (kg) 1,339.42 1,335.52 1,831.70
Dc (m) 0.9144 0.9144 0.7307
dh (m) 0.0036 0.0036 0.0048
hdwap (m) 0.008 0.005 0.010
hw (m) 0.0381 0.0381 0.0508
It (m) 0.4572 0.4572 0.9144
lw (m) 0.6604 0.6604 0.5550
Ip (m) 0.009 0.009 0.011
lay Square Triangular Triangular

and It were established based on their corresponding typical
values (Towler and Sinnott, 2013). Finally, the limits of the vari-
ables lw and Ip were generated from the limits of the variables
Dc and dh according to the relations suggested by Towler and
Sinnott (2013):

Tw
06= 5 <085 (109)
25< P _40 (110)
S5= <4

The values of the column shell thickness related to each
column diameter alternative are shown in Table 3, according
to Towler and Sinnott (2013). The lowest and highest values of
thicknesses are employed as lower and upper bounds on the
variable twall.

The MINLM formulation of the design optimization prob-
lem was solved by MINLP procedures using the GAMS software
interface (version 24.7.1) and the global optimization solvers
ANTIGONE (version 1.1) and BARON (version 16.3.4).

Because ANTIGONE and BARON do not accept trigono-
metric functions, Taylor series expansions to represent those
functions were used (Gradshteyn and Ryzhik, 2015):

[Beae| XL, x| < 2 (111)

arcsinx = Z _ R e (112)
£ 2%(R)! (2k + 1)

where Be is the Bernoulli number obtained from Plouffe (2001).
The series representing the tangent function was evaluated
using 81 terms and the series of the arcsine function involved
14 terms, which have an error below 0.001.

The computational times associated with the optimization
using the solver ANTIGONE were 73 s and 20 s for cost and
mass as objective functions, respectively. The corresponding
computational times using the solver BARON were 136 s and
36 s. These times were collected in a computer with an Intel
Core i7 processor with 8 Gb of RAM.

The comparison of the solutions obtained using ANTIGONE
and BARON indicates that BARON did not attain the global
optimum in the minimization of the cost (the value of the
objective function obtained using BARON was 13 % higher than
the solution using ANTIGONE). The results obtained using
ANTIGONE are displayed in Table 4, for different objective
functions. These solutions are similar, exhibiting different
masses: 1,339.42 kg for the cost objective function and 1,335.52
kg for the mass objective function. The total cost is the same
($ 28,915.69) because the cost function is not detailed enough
to be sensitive to the minor differences between these similar
solutions.

The heuristic design procedure was also applied to the
solution of the same design example. The details of the
application of the heuristic procedure are present in the
Supplementary Material, including all the candidates tested
during the search. The final feasible solution found is also pre-
sented in Table 4. This solution is associated with a cost and
a mass equal to $ 31,822.12 and 1,831.70 kg, respectively.

The comparison of the optimal values of the objective func-
tion with the results obtained using the heuristic procedure
indicates that the optimization attained a reduction of 9 % of
the cost and 27 % of the mass of steel.

8. Conclusions

This paper presented a Mixed Integer Nonlinear Model solved
using a MINLP procedure for the tray design of distillation
columns. For a given set of flow rates and physical properties,
the optimization determines the optimal value of the column
diameter and all the dimensions of the trays. Two alternative
objective functions were used: cost and mass. The method
can be also extended for other internals (e.g. valve trays, bub-
ble cap trays, etc.) or objective functions (e.g. more detailed
cost functions based on mechanical design). Additionally, a
step-by-step heuristic procedure, based on the literature, was
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presented and used for comparison. Significant reductions
were obtained in both objective functions.

Besides the advantages of the mathematical programming
approach, the heuristic procedures have another disadvan-
tage: they rely on experienced practitioners. Therefore, a
novice engineer may obtain a more expensive solution than an
experienced one. Comparatively, the application of the opti-
mization approach is automatic and the least cost design is
attained, no matter the experience of the user.
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Aap: Clearance area under the downcomer (m?)

Ac: Total column area (m?)

Acz: Calming zone area (m?)

Adc: Downcomer area (m?)

Ah: Total area of all the active holes (m?)

An: Vapor flow area (m?)

Asector: Circular sector area (m?)

Atriangle: Triangle area (m?)

Aus: Unperforated strip area (m?)

Be: Bernoulli number

Co: Orifice coefficient

Csb: Sounders-Brown coefficient (m/s)

Ctotal: Total column cost ($)

"Cw: Factor of cost equation (dimensionless)

Dc: Column diameter (m)

dh: Hole diameter (m)

Dm: Mean diameter of column (m)

FAdc: Factor of downcomer area (%)

Fflood: Factor of flooding (dimensionless)

Flv: Liquid-vapor flow factor (dimensionless)

hap: Height of the clearance under the downcomer (m)

hb: Height of the downcomer backup (m)

Hc: Height of column between tangent lines (m)

hd: Dry tray head loss (m)

hdc: Head loss in the downcomer (m)

Hdc: Height of downcomer (m)

hdwap: Difference between weir and clearance height under
the downcomer (m)

how: Height of the liquid crest over the weir (m)

‘hr: Residual head loss (m)

ht: Total tray head loss (m)

hw: Weir height (m)

K1:Parameter of the Fair’s flooding correlation (dimensionless)

K2: Parameter of the weeping correlation (dimensionless)

lay: Hole layout

lcz;,: Length of the inlet calming zone (m)

lczoyt: Length of the outlet calming zone (m)

Ip: Hole pitch (m)

It: Tray spacing (m)

lw: Weir length (m)

Lw: Liquid mass flow rate (kg/s)

‘Nt: Number of trays

pDc: Available values of the column diameter (m)

‘pdh: Available values of the hole diameter (m)

‘play: Available values of the hole layout

‘plp: Available values of the hole pitch (m)

‘plt: Available values of the tray spacing (m)

‘plw: Available values of the weir length (m)

‘phdwap: Available values of the difference between weir and
clearance height under the downcomer (m)

‘phw: Available values of the weir height (m)

‘ptt: Available values of the tray thickness (m)

‘ptwall: Available values of the wall thickness (m)

time: Residence time (s)

tt: Tray thickness (m)

twall: Column wall thickness (m)

uflood: Flooding velocity (m/s)

uh: Flow velocity throughout the tray holes (m/s)

uhmin: Minimum vapor flow velocity (m/s)

un: Vapor flow velocity (m/s)

Vt: Volume of the tray deck (m?)

Vw: Vapor mass flow rate (kg/s)

Vwdc: Volume of the combination weir/downcomer (m?3)

‘wezy,: Width of inlet calming zone (m)

‘wezoy:: Width of outlet calming zone (m)

Weolumn: Mass of the column shell and internals (kg)

Wshell: Mass of the column shell (kg)

Wt: Mass of the trays (kg)

Wtotal: Mass of the distillation column (kg)

wus: Width of the unperforated strip (m)

yDc: Binary variable of the column diameter

ydh: Binary variable of the hole diameter

yhdwap: Binary variable of the difference between weir and
clearance height under the downcomer

yK1: Binary variable of the K1 parameter

ylay: Binary variable of the hole layout

ylp: Binary variable of the hole pitch

ylt: Binary variable of the tray spacing

ylw: Binary variable of the weir length

ytt: Binary variable of the tray thickness

ywus: Binary variable of the width of the unperforated strip

Greek symbols

«: Active area angle (rad)

B: Calming zone angle (rad)

3: Ratio between the weir length and the column diameter
(dimensionless)

“e: Small positive valor equal to 10-°

6: Weir angle (rad)

“ol: Specific mass of liquid (kg/m3)

“oshell: Specific mass of shell material (kg/m?3)

“ot: Specific mass of tray material (kg/m?3)

“ou: Specific mass of vapor (kg/m?)

“ow: Specific mass of carbon steel (kg/m3)

‘o: Sufarce tension (N/m)

¢: Ratio between the hole diameter and the hole pitch (dimen-
sionless)

¥: Fractional entrainment (kg/kg gross liquid flow)

o: Ratio between the tray thickness and the hole diameter
(dimensionless)

Subscripts

in: Inlet

out: Outlet

min: Lower bound

max: Upper bound

sDc: Set of column diameter

sdh: Set of hole diameter

shdwap: Set of difference between weir and clearance height
under the downcomer

shw: Set of weir height

sK1: Set of the K1 constant

slp: Set of hole pitch

slt: Set of tray spacing

slw: Set of weir length

sNt: Set of column trays

swczout: Set of the width of outlet calming zone

swus: Set of the width of unperforated strip
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